Abstract. In this paper, we have use a fuzzy bitopological space (X, τ 1 , τ 2 ) to create a family τ s ij which is a supra fuzzy topology on X. Also, we introduce and study the concepts of r − (τ i , τ j )-generalized fuzzy regular closed, r − (τ i , τ j )-generalized fuzzy strongly semi-closed and r − (τ i , τ j )-generalized fuzzy regular strongly semi-closed sets in fuzzy bitopological space in the sense ofŠostak. Also, these classes of fuzzy subsets are applied for constructing several type of fuzzy closed mapping and some type of fuzzy separation axioms called fuzzy binormal, fuzzy mildly binormal and fuzzy almost pairwise normal.
Introduction and preliminaries
The concept of fuzzy topology was first defined in 1968 by Chang [2] . A Chang's fuzzy topology is a crisp subfamily of some family of fuzzy sets and fuzziness in the concept of openness of a fuzzy set has not been considered, which seems to be a drawback in the process of fuzzification of the concept of the topological space. Therefore, in 1985Šostak [18] , introduce the fundamental concept of a fuzzy topological structure as an extension of both crisp topology and Chang's fuzzy topology, in the sense that not only the object were fuzzified, but also the axiomatics. In [19, 20] Šostak gave some rules and showed how such an extension can be realized. Chattopadhyay et. al [3, 4] have redefined the similar concept. In [15, 5] Ramadan gave a similar definition namely "Smooth fuzzy topology" for lattice L = [0, 1], it has been developed in many direction [7, 9, 10, 12, 13, 17] . In this paper, we introduce and study the concepts of r−(τ i , τ j )-generalized fuzzy regular closed, r−(τ i , τ j )-generalized fuzzy strongly semi-closed and r − (τ i , τ j )-generalized fuzzy regular strongly semi-closed sets which are based on the alternative effect of fuzzy closure and fuzzy interior operators with respect to two fuzzy topologies. Also, these classes of fuzzy subsets are applied for constructing several types of fuzzy closed mappings and some types of fuzzy separation axioms called fuzzy binormal, fuzzy mildly binormal and fuzzy almost pairwise normal.
Throughout this paper, let X be a nonempty set I = [0, 1], I 0 = (0, 1] and I X denote the set of all fuzzy subset of X. For α ∈ I, α = α for every x ∈ X. A fuzzy set λ is quasi-coincident with a fuzzy set µ, denoted by λqµ, if there exists x ∈ X such that λ(x) + µ(x) > 1, if λ is not quasi-coincident with µ, we denote λqµ, λqµ if and only if λ ≤ 1 − µ [14] . Definition 1.1 ( [6, 18] ). A mapping τ : I X −→ I is called a supra fuzzy topology on X if it satisfies the following conditions:
(S1) τ (0) = τ (1) = 1.
(S2) τ ( i∈J µ i ) ≥ i∈J τ (µ i ) for any {µ i : i ∈ J} ⊆ I X . The pair (X, τ ) is called supra fuzzy topological space (briefly, sfts). A supra fuzzy topology τ is called fuzzy topology on X if (T) τ (µ 1 ∧ µ 2 ) ≥ τ (µ 1 ) ∧ τ (µ 2 ) for any µ 1 , µ 2 ∈ I X . The pair (X, τ ) is called fuzzy topological space (briefly fts). The triple (X, τ 1 , τ 2 ) is called fuzzy bitopological space (briefly, fbts), where τ 1 and τ 1 are fuzzy topologies on X. Throughout this paper, the indices i, j ∈ {1, 2} and i = j.
Theorem 1.1 ([4]). Let (X, τ ) be a fts. For each λ ∈ I
X and r ∈ I 0 we define an operator C τ : I X × I 0 −→ I X as follows:
For each λ, µ ∈ I X and r, s ∈ I 0 the operator C τ satisfies the following conditions:
Theorem 1.2 ([8])
. Let (X, τ ) be a fts. For each λ ∈ I X and r ∈ I 0 , we define an operator I τ : I X × I 0 −→ I X as follows:
For each λ, µ ∈ I X and r, s ∈ I 0 the operator I τ satisfies the following conditions: 16, 11] ). Let (X, τ 1 , τ 2 ) be a fbts. For λ ∈ I X and r ∈ I 0 :
X and r ∈ I 0 , the following statements are equivalent:
Definition 1.3 ([16]
). Let (X, τ 1 , τ 2 ) be a fbts. For λ ∈ I X and r ∈ I 0 :
Theorem 1.4 ([16])
. Let (X, τ 1 , τ 2 ) be a fbts. For λ, µ ∈ I X and r ∈ I 0 :
is said to be fuzzy pairwise continuous (fpc, for short) if and only if
X is called a supra fuzzy closure operator on X if for λ, µ ∈ I X and r, s ∈ I 0 , it satisfies the following conditions:
The pair (X, C) is called a supra fuzzy closure space.
2. Some types of fuzzy closeness in fuzzy bitopological spaces 
There exists r 0 ∈ I 0 such that
This implies that for all k ∈ J, there exists r k ∈ J with
This implies that
By using Theorem 1.4(ii), we obtain 
Define the fuzzy topologies τ 1 , τ 2 : I X −→ I as follows: 
is a supra fuzzy closure space.
Proof. (C1), (C2) and (C4) follows directly from the definition of
Conversely, suppose that there exist λ ∈ I X , r ∈ I 0 and x ∈ X such that
By the definition of C τ s ij (λ, r), there exists µ ∈ I X with µ ≥ λ and
On the other hand, since µ ≥ λ and τ
From (1) and (2) we obtain (C5). 
Proof. For λ ∈ I X , r ∈ I 0 we have
Definition 2.1. Let (X, τ 1 , τ 2 ) be a fbts and λ ∈ I X . Then, for r ∈ r 0 , λ is called:
Remark 2.1. The following diagram shows the relation between the above different types of fuzzy closeness in a fbts (X, τ 1 , τ 2 ).
We define the fuzzy topologies τ 1 , τ 2 : I X → I as follows:
Lemma 2.1. Let (X, τ 1 , τ 2 ) be a fbts and λ ∈ I X . For r ∈ r 0 λ is:
From the first and second parts we have,
3. Some types of fuzzy closed mappings in fuzzy bitopological spaces
(iii) ij-fuzzy almost generalized regular strongly semi-closed (briefly, ij-
Remark 3.1. From the above definition the implications contained in the following diagram are true
The following examples, show that the reverse may not be true in general. 
otherwise.
Then for 0 < r ≤ 0.3 the identity mapping f : (X, 
otherwise
Then for 0 < r ≤ 0.4 the identity mapping f : (X,
2 ) is 21-fagss closed but not 12-fass closed, since χ {b,c} ∈ r − (τ 1 , τ 2 
X as follows:
Define the fuzzy topologies τ 1 , τ 2 , τ * 1 , τ * 2 : I X −→ I as follows:
is 21-fass closed but not 2-fuzzy closed, since if ν = 1 − λ 2 we find that
) is ij-fagss closed if and only if for each µ ∈ I
Y and λ ∈ r − (τ j ,
Proof. Necessity: Suppose that f is ij-fagss closed. Let µ ∈ I
Also, we have
Since f is surjective we have
This implies that f (η) ≤ 1 − ν. On the other hand
Hence f is ij-fagss closed mapping. 
Then, for 0 < r ≤ 0.4 the mapping f : (X, 
So,
Since f is ij-fass open and
.
From (1) and (2) we have
Hence f is ij-fuzzy R-map.
Fuzzy binormal space
In this section we introduce three concepts of fuzzy normality in fuzzy bitopological spaces namely, fuzzy binormality, fuzzy mildly binormality and fuzzy almost pairwise normality.
Theorem 4.1. Let (X, τ 1 , τ 2 ) be a fbts. Then the following statements are equivalent:
(from Theorem 2.3)
This implies that
. 
fuzzy ij-fagss-closed and surjection mapping from a fbts
(X, τ 1 , τ 2 ) to another fbts (Y, τ * 1 , τ * 2 ). If (X, τ 1 , τ 2 ) is a fuzzy binormal space, then (Y, τ * 1 , τ * 2 ) is also fuzzy binormal. Proof. Let η = C τ * i (η, r)qρ = ρ τ * j (ρ, r), r ∈ I 0 . Then τ * i (1−η) ≥ r, τ * j (1−ρ) ≥ r and η ≤ 1 − ρ. Since f is fpc then, τ i (1 − f −1 (η)) ≥ τ * i (1 − η) ≥ r and τ j (1 − f −1 (ρ)) ≥ τ * j (1 − ρ) ≥ r. Thus, f −1 (η) = C τi (f −1 (η), r)qf −1 (ρ) = C τj (f −1 (ρ), r). Since (X, τ 1 , τ 2 ) is fuzzy binormal, there exist λ, µ ∈ I X with τ j (λ) ≥ r, τ i (µ) ≥ r such that f −1 (η) ≤ λ, f −1 (ρ) ≤ µ and λqµ. Let θ = I τj (C τi (λ, r), r) and δ = I τi (C τj (µ, r), r). Then θ ∈ r − (τ j , τ i ) − F RO(X) and δ ∈ r − (τ i , τ j ) − F RO(X). Also, f −1 (η) ≤ θ, f −1 (ρ) ≤ δ and θqδ. By Theorem 3.1, there exist γ ∈ r − (τ * i , τ * j ) − GF SSO(Y ) and ν ∈ r − (τ * j , τ * i ) − GF SSO(Y ) such that η ≤ γ, ρ ≤ ν, f −1 (γ) ≤ θ and f −1 (ν) ≤ δ.η ∈ r − (τ i , τ j ) − F RC(X), ρ ∈ r − (τ j , τ i ) − F RC(X) such that ηqρ there exist λ, µ ∈ I X with τ j (λ) ≥ r, τ i (µ) ≥ r such that η ≤ λ, ρ ≤ µ(ii) For any η ∈ r − (τ i , τ j ) − F RC(X), ρ ∈ r − (τ j , τ i ) − F RC(X) and ηqρ, there exist λ ∈ r − (τ i , τ j ) − GF SSO(X) and µ ∈ r − (τ j , τ i ) − GF SSO(X) such that η ≤ λ, ρ ≤ µ and λqµ. (iii) For any η ∈ r − (τ i , τ j ) − F RC(X), ρ ∈ r − (τ j , τ i ) − F RC(X) and ηqρ, there exist λ ∈ r − (τ i , τ j ) − GF RSSO(X) and µ ∈ r − (τ j , τ i ) − GF RSSO(X) such that η ≤ λ, ρ ≤ µ and λqµ. (iv) For any η ∈ r − (τ i , τ j ) − F RC(X), ρ ∈ r − (τ j , τ i ) − F RO(X) and η ≤ ρ, there exists λ ∈ r − (τ i , τ j ) − GF RSSO(X) such that η ≤ λ ≤ C τ s ij (λ, r) ≤ ρ. (v) For any η ∈ r − (τ i , τ j ) − F RC(X), ρ ∈ r − (τ j , τ i ) − F RO(X) and η ≤ ρ, there exists λ ∈ r − (τ j , τ i ) − F SSO(X) such that η ≤ λ ≤ C τ s ij (λ, r) ≤ ρ. (vi) For any η ∈ r −(τ i , τ j )−F RC(X), ρ ∈ r −(τ j , τ i )−F RC(X) and ηqρ, there exist λ ∈ r − (τ j , τ i ) − F SSO(X) and µ ∈ r − (τ i , τ j ) − F SSO(X) such that η ≤ λ, ρ ≤ µ and λqµ. Proof. (i)⇒ (ii) and (ii)⇒ (iii) are straightforward. (iii)⇒ (iv) Let η ∈ r−(τ i , τ j )−F RC(X), ρ ∈ r−(τ j , τ i )−F RO(X) and η ≤ ρ. Consequently, η ∈ r − (τ i , τ j ) − F RC(X), 1 − ρ ∈ r − (τ j , τ i ) − F RC(X) and ηq(1−ρ). Then there exist λ ∈ r−(τ i , τ j )−GF RSSO(X) and µ ∈ r−(τ j , τ i )− GF RSSO(X) such that η ≤ λ, 1 − ρ ≤ µ and λqµ. By Lemma 2.1, we have 1 − ρ ≤ I τ s ij (µ, r). Therefore we have η ≤ λ ≤ C τ s ij (λ, r) ≤ 1 − I τ s ij (µ, r) ≤ ρ. Hence, η ≤ λ ≤ C τ s ij (λ, r) ≤ ρ. (iv)⇒ (v) Let η ∈ r−(τ i , τ j )−F RC(X), ρ ∈ r−(τ j , τ i )−F RO(X) and η ≤ ρ. Then there exists µ ∈ r−(τ i , τ j )−GF RSSO(X) such that η ≤ µ ≤ C τ s ij (µ, r) ≤ ρ. Since η ∈ r − (τ i , τ j ) − F RC(X) and η ≤ µ, then by using Lemma 2.1, we have η ≤ I τ s ji (µ, r). Put λ = I τ s ji (µ, r). Then λ ∈ r − (τ j , τ i ) − F SSO(X) and η ≤ λ ≤ C τ s ij (λ, r) ≤ C τ s ij (µ, r) ≤ ρ. Hence, η ≤ λ ≤ C τ s ij (λ, r) ≤ ρ. (v)⇒ (vi) Let η ∈ r − (τ i , τ j ) − F RC(X), ρ ∈ r − (τ j , τ i ) − F RC(X) and ηqρ. Consequently, η ∈ r − (τ i , τ j ) − F RC(X), 1 − ρ ∈ r − (τ j , τ i ) − F RO(X) and η ≤ 1 − ρ. Then there exists λ ∈ r − (τ j , τ i ) − F SSO(X) such that η ≤ λ ≤ C τ s ij (λ, r) ≤ 1 − ρ. Then ρ ≤ 1 − C τ s ij (λ, r). Put µ = 1 − C τ s ij (λ, r). Then µ ∈ r − (τ i , τ j ) − F SSO(X). Hence, η ≤ λ, ρ ≤ µ and λqµ. (vi)⇒ (i) Let η ∈ r − (τ i , τ j ) − F RC(X), ρ ∈ r − (τ j , τ i ) − F RC(X) and ηqρ. Then there exist λ ∈ r − (τ j , τ i ) − F SSO(X) and µ ∈ r − (τ i , τ j ) − F SSO(X) such that η ≤ λ, ρ ≤ µ and λqµ. Put θ = I τ j (C τ i (I τ j (λ, r), r), r) and δ = I τ i (C τ j (I τ i (µ, r),
